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Efficient heralded generation of entanglement together with its manipulation is of great impor-
tance for quantum communications. In addition, states generated with bandwidths naturally com-
patible with atomic transitions allow a more efficient mapping of light into matter which is an
essential requirement for long distance quantum communications. Here we propose a scheme where
the indistinguishability between two spontaneous four-wave mixing processes is engineered to her-
ald generation of single-photon frequency-bin entangled states, i.e. single-photons shared by two
distinct frequency modes. We show that entanglement can be optimised together with the gener-
ation probability, while maintaining absorption negligible. Besides, the scheme illustrated for cold
rubidium atoms is versatile and can be implemented in several other physical systems.
Quantum states of light are crucial for quantum com-
munications; however, the propagation of quantum states
through optical channels is dramatically affected by
losses, and worldwide quantum networks remain a hard
task to accomplish. In spite of this, the seminal paper
of Duan et al. [1] proposed long distance quantum com-
munications through the entaglement of distant atomic
ensembles. Since then, a growing attention has been de-
voted towards the development of narrowband sources
of quantum states of light to efficiently map light into
atoms. Recently, several generation schemes based on
spontaneous four-wave mixing and Raman processes in
atomic ensembles have been proposed and demonstrated
such as, e.g., entangled photon pairs generated in trapped
cold atoms [2–5] and in hot atoms vapor cells [6]. In
such schemes, the quantum states can be generated with
bandwidths naturally compatible with the atomic tran-
sitions, allowing a more efficient mapping of light into
matter. Unfortunately, such processes are probabilis-
tic and the generation happens at random time with
very low probability. In order to circumvent this limita-
tion, so called heralded schemes, where the output states
are freely available for further processing, without post-
selection, are required to permit both their characteriza-
tion with homodyne tomography [7] and their use into a
more complex scenario.
In this context, it is interesting to exploit the mul-
tilevel structure of a resonant media such as atoms or
atom-like systems [9], in order to engineer the generation
of quantum states. More specifically, in this Letter, we
propose a scheme for the heralded generation of single-
photon color entangled states i.e., states where a single
photon excitation is simultaneously shared by two dis-
tinct frequency modes of light, exploiting indistinguish-
ably between four-wave mixing processes. This state may
be envisaged as the frequency counterpart of the famil-
iar single-photon path entanglement [10, 11], which can
also be extended to temporal domain [12] and used as a
important resource in quantum protocols to convey and
process quantum information [13–16]. The propagation
of color-entangled states through a specific atomic in-
terface has also been studied [17], together with their
mapping into a quantum memory based on electromag-
netically induced transparency technique in a double-Λ
media [18]. Therefore, the scheme proposed here repre-
sent an additional building block to realize a quantum
network, in which colour-entanglement is generated, ma-
nipulated and stored.
Here we describe a scheme where “two” specific four-
wave mixing processes are exploited to engineer her-
alded single-photon frequency-bin entangled states. The
scheme follows from a four-photons spontaneous four-
wave mixing process in a three-level third-order nonlin-
ear medium where, in the presence a pair of weak cou-
pling (ωc) and pump (ωp) co-propagating beams, Stokes
and anti-Stokes photon pairs emerge (Fig.1). The two
processes, one (A) leading to the emission of a Stokes
(ωs) and an anti-Stokes (ωas) photon pair and the other
(B) leading to the emission of the same Stokes (ωs)
yet a different anti-Stokes (ωas′) photon are sketched in
Fig. 1(colour lines). The main feature of the scheme is
that under suitable pump and coupling drivings (i) the
probability that the two processes A and B occur simul-
taneously can be made to be negligible while (ii) the
generation of anti-Stokes photons either through process
A or through process B can be made to occur with the
same probability. Hence the detection of a single-photon
at frequency ωs will entail, via a state-projection mea-
surement (Fig. 2), the emission of an anti-Stokes photon
though its detection does not reveal, even in principle,
which photon ωas or ωas′ has been emitted. Such an
indistinguishability results in the state superposition,
|Ψ〉 = α |1〉ωas |0〉ωas′ + β |0〉ωas |1〉ωas′ . (1)
It turns out that α and β essentially depend on the
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FIG. 1. Single-photon color entanglement. [A.] A pair of weak coupling (ωc) and pump (ωp) beams spontaneously
scatter through the third-order nonlinearity of a three-level atom to generate an anti-Stokes photon ωas (red) and a Stokes
photon ωs (blue). [B.] The different pair {ωas′ , ωs} of photons can be generated through spontaneous scattering off the pump
(ωp) alone. The spontaneous four-wave mixing processes A. and B. result in a small probability of generating single anti-Stokes
photons at frequencies ωas and ωas′ . For certain atomic parameters (γ,Γ, N/V ) and (driving) pump and coupling detunings
(∆p,c) and Rabi frequencies (Ωp,c) [8], the emission of one single-photon through channels A. and B. can be made to be
undistinguishable subject to a state-projection measurement on the Stokes (ωs) photon (Fig. 2). The sample has a density
N/V ' 5 × 1012cm−3, length L = 100µm, while atomic levels correspond to the transition 52S1/2 → 52P1/2 (85Rb D1 line)
with λ31=795 nm, ω21 = 2pi × 3 GHz and decay rates Γ = 2pi × 5.75 MHz and γ = 2pi × 10 kHz.
medium linear and nonlinear properties hence directly
tunable through the pump and coupling driving fields.
Two more processes will clearly contribute to the her-
alded generation of single-photon state (1), namely those
involving the spontaneous generation of the different
Stokes-anti-Stokes pairs {ωs′ , ωas′} (C ) and {ωs′ , ωas}
(D) (gray lines in Fig.1). However the projection pro-
cedure above will prevent the processes {C,D} from con-
curring to the generation of the state |Ψ〉 [19].
Entanglement generation. Assuming classical
fields in the form of plane-waves E+i = Eie
iki·r−iωit with
i = {c, p}, respectively for the control and pump beams,
and standard field operator
Eˆ+j =
1√
pi
∫
dω
√
2~ω
c0A
ei[kj(ω)·r−ωt]aˆj(ω) (2)
with j = {a, as}, for the Stokes and anti-Stokes photons
propagating with a (complex) wave-vector kj(ω) [20–22],
the effective Hamiltonian describing the photon-atom in-
teraction can be written as (interaction picture),
HˆI =
0A
4
∫ L/2
−L/2
dz
[
χ
(3)
A E
+
p E
+
c Eˆ
−
asEˆ
−
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−
s + χ
(3)
C E
+
c E
+
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as′Eˆ
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D E
+
c E
+
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−
asEˆ
−
s′
]
+ h.c., (3)
with the fields (negative) frequency parts E−i and Eˆ
−
j
computed as usual [20] and with space-time dependencies
purposely omitted here. The third-order optical nonlin-
ear susceptibility χ
(3)
l for l = {A,B,C,D} in (3) cor-
responds to the four spontaneous nonlinear mixing pro-
cesses triggered by coupling and pump. Two of these
processes are highlighted in color in Fig. 1, while a shade
of grey has been used there for the other two, with the
full susceptibilities expressions given in [8]. For the sake
of clarity we restrict to a nearly 1D scattering geome-
try with Stokes and Anti-Stokes photons emitted in the
z-direction and with a (transverse) mode-profile cross-
section A across the interaction region L. We further
assume that the Stokes and the anti-Stokes are initially
in the vacuum |0〉s |0〉s′ |0〉as |0〉as′ → |0〉, so that in the
weak spontaneous scattering limit [23] one has for the
output state,
|Ψ〉out '
(
1− i
~
∫ ∞
−∞
dt HˆI
)
|0〉
= |0〉+
∫
dω
[
fA(ωc + ωp − ω, ω)aˆ†as(ωc + ωp − ω)aˆ†s(ω) + fB(2ωp − ω, ω)aˆ†as′(2ωp − ω)aˆ†s(ω)
+ fC(ωp + ωc − ω, ω)aˆ†as′(ωp + ωc − ω)aˆ†s′(ω) + fD(2ωc − ω, ω)aˆ†as(2ωc − ω)aˆ†s′(ω)
]
|0〉s|0〉s′ |0〉as|0〉as′ . (4)
3Although states with more than one photon per mode
are possible due to higher order processes, they are nev-
ertheless unlikely owing to small nonlinearities of the
weak spontaneous scattering [23] we examine here, hence
the leading term (4) is adequate. These four “two-
photon” states are generated, in general, with differ-
ent amplitude probabilities fl for each of the four terms
l = {A,B,C,D} (Fig. 1A). Specifically, generation of
the pair {ωs, ωas}, e.g., occurs with the probability am-
plitude,
fA(ω, ω
′) = −i
√
ωω′
4pic
χ
(3)
A (ω, ω
′)EpEc sinc
(
∆kAL
2
)
L, (5)
and depends on the susceptibility χ
(3)
A (ω, ω
′) through the
electric field amplitudes (Ep,Ec) and on the z-projection
∆kA = (kas + ks − kp − k c) · zˆ of the wavevector
mismatch (momentum-conservation) for co-propagating
pump and coupling beams. We restrict here to collecting
pairs of Stokes and anti-Stokes photons that are emitted
with a very small angle with respect to the z-direction.
The probabilities for the processes B,C,D are instead
obtained exchanging c → p and as → as′ [to obtain
fB(ω, ω
′)], c ↔ p, s → s′ and as → as′ [fC(ω, ω′)],
and p → c and s → s′ [fD(ω, ω′)], while the same ap-
plies when computing the other mismatches ∆kB,C,D. It
may now be seen from (4) that the detection of a Stokes
photon at frequency ωs (Fig. 2) projects |Ψ〉out into a su-
perposition of anti-Stokes single-photon with frequency
ωas and ωas′ ,
|Ψ〉p =
[
s〈0|aˆs(ωs)
]
|Ψ〉out =
fA(ωas, ωs)|1〉as|0〉as′ + fB(ωas′ , ωs)|0〉as|1〉as′ (6)
in which corresponds to |Ψ〉 (1) with (complex) coeffi-
cients α → fA(ωas, ωs)/√N and β → fB(ωas′ , ωs)/√N ,
being N = |fA|2 + |fB |2 (state normalization). We used
the notation |1〉i = aˆ†(ωi)|0〉 to indicate a single-photon
state at the frequency ωi which defines the frequency
mode i = {as, as′, s, s′}. The degree of entanglement in
|Ψ〉p, which depends through fA and fB on the medium
optical response (linear and nonlinear) and the wavevec-
tor mismatch can then be all-optically controlled through
pump and coupling (Fig. 1). It turns out infact that we
can span continuously from a maximally entangled state
(α = β = 1/
√
2) to a pure photon state [24] (α = 0 or
β = 0) directly through the Rabi frequencies Ωp,c and
detunings ∆p,c [25]. We adopt here the negativity of the
partial transpose (NPT ) concept to quantify the degree
of entanglement. This has been introduced in [26] and
it is based on the Peres-Horodecki [27, 28] separability
criterion thereby NPT = 1 corresponds to maximally
entangled states and NPT = 0 to separable ones. For
the specific state |Ψ〉p in (6) we have NPT = 2|α||β|.
Entanglement engineering. We will focus in the
following on three representative situations to illustrate
how entanglement can be efficiently engineered. We
choose a realistic set-up made of cold 85Rb atoms [29],
Stokes
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FIG. 2. Stokes state projection. Under specific pump
and coupling drivings of a sample of cold 85Rb atoms pairs
of pump and coupling photons scatter via spontaneous four-
wave mixing into pairs of Stokes and anti-Stokes photons
{ωs, ωas}, {ωs, ωas′} {ωs′ , ωas} and {ωs′ , ωas′}. A ”single”
photon can be shared by two different modes ωas and ωas′
if a Stokes photon ωs is detected (lower-box ). Such a con-
ditional detection “heralds” the generation of the entangled
state |Ψ〉 (upper-box ).
∆"
FIG. 3. Raman-like regime. Negativity of the partial
transpose (NPT ) for the state |Ψ〉 in (1) with ∆p = −1 GHz,
∆c = 10 GHz vs. varying pump and coupling intensities
(∝ Ωp,c). For fixed driving intensities, maximum NPT values
(dashed line) may be attained by tuning ∆c. Inset. Plot
section at Ωp = 2× 10−4Γ: maximum entanglement is tuned
through the coupling intensity (∝ Ωc).
though the generation mechanism is general enough to
be suited to non-atomic architectures as well [30–35].
We start considering the case of weak driving fields and
both far detuned from resonance, i.e., Ωp,c 
√
γΓ
and |∆p,c|  Γ. This is reported in (Fig. 3) where
4a nearly balanced spontaneous Raman scattering regime
with NPT = 1 in a parameters region for which Ωc/∆c ∼
Ωp/ω21. Maximum entanglement can then be directly
tuned through the off-resonant coupling detuning (∆c)
(dash-line), else through its intensity (Ωc) (Fig. 3 in-
set), and can always be achieved at vanishing levels
of absorption (∼ 10−4). The generation probability of
the entangled state is the probability to find a single-
photon state in modes ωas and ωas′ and this is P =
|〈1as|Ψ〉p|2 + |〈1as′ |Ψ〉p|2 = |fA|2 + |fB |2. In the sponta-
neous Raman regime values of NPT close to unity are
attained with probabilities P ∼ 10−13 when background
level populations are completely unbalanced (ρ011  ρ022).
Anti-Stokes generation efficiencies (∝ P) will improve
if one or both driving fields are brought close to reso-
nance though absorption at each anti-Stokes mode will
become important [21]. This turns out to be an impor-
tant generation regime which we will discuss below. A
proper assessment of the negativity of the partial trans-
pose function in the presence of absorption is in order,
which is done now by adopting a standard beam split-
ter model [36]. According to this model, the dissipa-
tive process is formally described by means of a beam-
splitter that mixes the ideal state with the vacuum, then
the partial trace over the lossy channel returns the state
subjected to losses. Thus, the lossy state appears to be
noisy and attenuated by the transmission coefficient of
the beam splitter.
We apply this losses model to each anti-Stokes i =
{as, as′} mode with transmission Ti(ω), which is ob-
tained from the imaginary part of the first order sus-
ceptibility χ
(1)
i (ω) [8], Ti(ω) = exp{−Im[χ(1)i (ω)]ωL/c}.
The output state affected by absorption is then used to
calculate the NPT . Hereafter, a NPT close to unity
will then ensure the generation of a maximally entangled
state with negligible absorption.
We report in Fig. 4 the NPT behavior for small de-
tunings |∆p,c| ∼ Γ and driving fields such that
√
γΓ .
Ωp,c ∼ Γ, showing large variations of the degree of entan-
glement along with losses and occurring with generation
probabilities P orders of magnitudes larger than in the
Raman case. Maximal entanglement (NPT ≥ 0.99) is
restricted only to the high intensities region (Ωp,c ∼ 6 Γ)
with probabilities P∼ 10−4 provided that ρ011  ρ022,
i.e., most of the atomic background population [8] is in
the lowest state |1〉. Losses, on the other hand, remain
small around the high intensity region due to the Autler-
Townes splitting and in the lower intensities region due
to Electromagnetically Induced Transparency (EIT ) [37].
In general, the atoms (optical) response depends in
general on the atom’s levels relative steady-state back-
ground atomic populations %jj with {j = 1, 2, 3}
(see [38]). As there exists widely used techniques for
accurate state preparation of cold 85Rb samples [29] it
may be worth to examine how entanglement may be en-
gineered also through state preparation.
FIG. 4. Near-resonance regime. Same as in Fig. 3 with
∆p = −Γ, ∆c = Γ. The generation probability is almost
constant P ∼ 10−5 in the region in which NPT > 0.9, while
increasing as NPT decreases. The anti-Stokes ωas losses are
constant with Ωp yet varying with Ωc from total absorption
to . 0.2% (Ωc = 6 Γ). Anti-Stokes ωas′ losses, constant with
Ωc, range from a ∼ 3% max (Ωp ' Γ) to almost no loss at all
(Ωp = 6 Γ).
Unlike the Raman-like regime, where the NPT be-
haviour (Fig. 1) is unaffected by populations, chang-
ing the background population of the two lower levels
|1〉 and |2〉 leads (see Fig. 5a) to optimal NPT values
(NPT ≥ 0.99) at coupling strengths smaller than those
of Fig. 4, with vanishing losses (< 1%). A plot with
all figures of merit - NPT,P and absorption - is re-
ported in Fig. 5b. Optimal color entanglement is seen
to take place within an overlap region for weak drivings
Ωp,c ∼ |∆p,c| ∼ Γ and a largely unbalanced background
populations ρ011 and ρ
0
22 of the two lower levels.
From Fig. 5 it is clear how the manipulation of the
lower populations yields to the optimization of generation
as it guarantees almost the same performances in terms
of NPT and P as those of Fig. 4 yet at much lower Ωc,p’s
which provides an advantage toward implementation of
the scheme with weak driving fields.
In conclusion, we anticipate that generation of her-
alded frequency-entangled single-photon states may oc-
cur through the Stokes state projection scheme of Fig.2
whereby the detection of a single-Stokes photon in the
frequency mode ωs (ωs′) does not reveal, even in princi-
ple, which frequency mode ωas or ωas′ is populated by
a single-photon. This scenario provide new tools to de-
velop quantum communication and information process-
ing exploiting the frequency degree of freedom [17]. As
is often the case for non-classical effects of the electro-
magnetic field [39], the proposal for entanglement gen-
eration through the indistinguishability between two dif-
ferent spontaneous four-wave mixing processes exhibits
a certain versatility. In principle, it could be adapted to
atoms photonic crystal fibers interfaces [30, 31], to minia-
turized (micrometer-sized) atomic vapour cells [33, 40] or
to solid interfaces with crystals doped with rare-earth-
metal ions [34] or with with N-V color centers [32, 35]
5a) b)
FIG. 5. Optimal entanglement - a) Same as in Fig. 3 with
∆p = −Γ, ∆c = Γ, Ωp = 1.5 Γ and with varying background
population values ρ011 of the lowest level [38]. b) Regions
where the NPT ≥ 0.95 (red line hatching) and NPT ≥ 0.99
(red cross hatching) as in Fig. 5a. Anti-Stokes transmission
(Tas) increases with Ωc but strongly decreases with ρ
0
11 if Ωc .
Γ. The other anti-Stokes transmission (Tas′) varies in the
range 0.98÷1 for 0.5 > ρ011 > 0.1 and regardless of Ωc. The
overlap region (D) between the low absorption areas (light
blue & light orange) yield optimal conditions to generate color
entanglement (NPT ≥ 0.99) with a probability P ∼ 10−4.
where similar three-levels two-fold interaction configura-
tions exist.
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